
Journal of Magnetic Resonance154,154–156 (2002)
doi:10.1006/jmre.2001.2465, available onlineat http://www.idealibrary.com on

COMMUNICATIONS

Scaling Laws in NMR Scattering via Dipolar Fields
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Breaking translational symmetry in magnetostatics imparts
a scale dependence that is commonly investigated in physics
(W. Warren et al., 1993, Science 262, 2005–2008). An interesting
and important example arises in nuclear magnetic resonance stud-
ies involving the dipolar mean field of adjacent nuclear spins where
the scattering (transfer of spatial spin gratings) via intermolecu-
lar macroscopic fields carries a signature of the local spatial dis-
tribution of the spin density. For arbitrary geometry, the inverse
problem of extracting this spin distribution from experiments is in-
tractable. Here we point out a simple, universal crossover in the
scaling behavior at the sample’s characteristic length scale, ξ, of
the species fluctuations in the sample along the measurement di-
rection. This behavior is observed experimentally in an oil–water
emulsion, an important representation of complex, heterogeneous,
soft matter. C© 2002 Elsevier Science
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In statistical physics the inverse problem of extracting mic
scopic correlation lengths and times from the observed ma
scopic response is, in general, intractable. Simple scaling
tions, such as the Ornstein–Zernike (2) relation, are of suprem
importance, since they easily yield the underlying correla
lengths. Analogously, in the time domain, macroscopic re
ation rates often depend on the productωτ of themicroscopic
correlation timeτ and the probe frequencyω. For example,
the pioneering work of Blombergenet al. (3) extracted the
microscopiccorrelation timeτ of water by noting the frequenc
ωc where themacroscopicrelaxation rate changes rapidly as
function of the probing (Larmor) frequency.

The scattering or transfer of transverse spin magnetizatio
NMR experiments described here is carried by the magneto
ics dipolar mean field of one phase seen by the other. Rem
ably, standard magnetostatics (4) is scale independent, and,
such, contains no information of the absolute size. When
translational symmetry is broken, such as by imparting on
system a spatially dependent magnetization, the well-know
cipient logarithmic divergence is removed, and new interes
1 To whom correspondence should be addressed. E-mail: sen@ridgefield
slb.com.

nd-
inct
rm

151090-7807/02 $35.00
C© 2002 Elsevier Science
All rights reserved.
o-
ro-
la-

on
x-

a

in
tat-
rk-

s
the
he
in-
ng

.sdr.

results emerge (5). With a new scale available from that of th
impressed symmetry-breaking field (SBF), it is possible to pr
system length scales. The SBF becomes localized near th
terface, and is quite analogous to a skin-depth phenomeno
a time-varying electromagnetic field in a dissipative medi
(however, here we are concerned with the DC field). This
calization near the interface provides a measure of the fea
near the interface. The localized nature of the field induced
a sinusoidal modulation of magnetic polarization was reali
by Warrenet al. (1), and the concept has subsequently b
demonstrated by Warren and co-workers (6) and by Bowtell and
co-workers (7–9). Here we recast their experiment and analy
to emphasize a break in the scaling of the NMR response
sus wavenumber. The recognition of this scaling law permi
simple and model-independent extraction of the character
length scale of the sample.

The scaling behavior can be developed in direct analog
indirect scattering. Recently, it has become well apprecia
(10–12) that an experiment where the wave vector-depend
magnetization grating is encoded and subsequently dec
constitutes an NMR scattering experiment with the scatte
amplitude given by an intermediate scattering function co
pletely analogous to that in neutron scattering. So far, m
NMR scattering experiments deal with self-scattering. The S
experiments are unique in that they involve the transfer of
grating from one phase to another. These methods can ex
the interphase Debye structure factors (13).

The physical origin of the scaling behavior induced by
SBF is explained by following the transfer of magnetizati
gratings between phases. Given an amplitude-modulated
ing in the water spin magnetizationMa

z ∝ cos(|q|z), whereq
is the wave numberq= 2π/λ, the second medium (oil) sees
spatially modulated local mean field. Following excitation, t
oil spins precess at a rate dependent on this local field, and
some time, the water grating is written into the phase of the
magnetization. The insets of Fig. 1 show the mean field ins
included spheres of oil at different wavelengths of the surrou
ing water magnetization grating. There are clearly two dist
regimes. At long wavelengths, the field is relatively unifo
4
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inside the sphere, but the magnitude depends onq ·ξ, whereξ is
the bubble radius for a spherical inclusion. At short waveleng
the field is localized near the interface, decaying approxima
exponentially withq · ξ. This change in scaling laws can b
developed rather simply, and then applied to obtain struct
information at the interface.

At wavelengths that are long relative to the length scale
the inclusion, the field is well defined by an expansion includ
only low-order spherical harmonics. The lowest order harmo
that contributes to the field is thel = 1 harmonic, and it dom-
inates the field intensity at longλ. Here the field due to the
l = 1 harmonic does not vary with position inside the bubb
but its strength depends on the scaled variableq · ξ. The higher
harmonics are responsible for the field variation inside the b
ble, but contribute little to the field intensity. The field due
the l = 1 harmonic, for a spherical inclusion imbedded in
infinite medium, is given by

Bdipolar≈ −2M0,waterµ0
j1(q · ξ)

(q · ξ)
cos(|q|h), [1]

where j1 is the first-order spherical Bessel function of the fi
kind, µ0 is permeability of free space, and|q|h is the phase
offset of the grating at the center of the bubble which is loca
at heighth measured along the grating in the host mediu
This form applies forq · ξ≤ 1, but in practice, we find tha
it continues to hold beyond its expected range of validity (s
Fig. 1). For arbitrary shape this result generalizes to a field th
uniform over the inclusion and whose strength goes asBdipolar→
C1+C2(q · ξ)2, where the constants,C1 andC2, will depend on
the shape of the inclusion.

Forλ ≤ ξ the dominating aspect of the internal mean field
the transition from the average field effects described abov
a more local effect, where the field falls off in the interior of th
bubble. To determine the scaling law in this region, it suffic
to consider the mean field outside an infinite half-space (i.e
wall) of modulated longitudinal water magnetization along t
z-direction. The mean field depends exponentially on the sc
distance,qρ, asymptotically as

Bdipolar≈ µ0M0,water

4
e−|q|ρ cos(|q|h), [2]

whereρ is the transverse distance from the interface. For
bitrary shapes, an approximate exponential dependence o
mean field on scaled distances from the interface will be
served forq · ξ> 1. Numerical results for spherical inclusio
are shown in Fig. 1. Clearly, the flat-wall approximation ca
tures the correct asymptotic behavior.

The transition between short and long wavelength beha
of the field imparts the scaling behavior of the signal in t

experiment described here. The specific system under stud
a poly-disperse oil/water emulsion created by suspending
bubbles in an aqueous gel. The average diameter, 2ξ , of the
CATIONS 155
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FIG. 1. NMR signal behavior versus applied wavelength. In NMR scatter
via the dipolar field, a sharp change nearq · ξ≈ 1 is observed in the natura
logarithm of the normalized NMR signal versus the wavelengthλ of the applied
magnetization grating. The blue line (solid) displays the results of a nume
calculation including spherical harmonics up to order 11 for the scattering f
a continuous medium to imbedded spheres. The crosses are the experi
data points. The red line (dashed) shows the behavior of thel = 1 harmonic with
β = 2ηM0,waterγµ0t , whereη is a constant attenuation factor that fits the mo
curve to the two rightmost points of the experimental data (see discussi
text). The insets show the calculated field intensity inside the oil bubbles a
indicated wavelengths. The north and south poles of the sphere lie on thez-axis.
Red (+) and orange (−) show the highest intensities and light blue indica
zero intensity. Note how the field behavior changes from a global behavi
long wavelengths, to a localized interfacial interaction at short waveleng
The series of plots below shows thez-component of the magnetic flux densi
along the longitudinal axis of the bubbles. The water magnetization gra
(magnitude not to scale) are shown for comparison as the light gray curve
overlay the darker flux density curves. Note that the flux density along the c
of the bubbles decreases in intensity as the wavelength approaches the
scale of the system. In the short wavelength region, the signal magnitu
controlled by exponential behavior in the equatorial regions of the bubble.

bubbles was determined visually using a microscope to be
proximately 150µm with sizes ranging from 25 to 320µm.
Of course in this heterogeneous sample there is a distribu
of characteristic length scales and the roundness of the bre
Fig. 1 reflects this. The experimental NMR pulse sequenc
shown in Fig. 2. This pulse sequence is essentially that use
Bowtell and Robyr (7 ) to probe dipolar field behavior in simpl
cylindrical samples. The wave vector of the water modulatio
q = γgτs, whereγ is the gyromagnetic ratio,g is the strength
of the applied gradient,τ is the time during which the gradien
is applied, ands is the direction of the applied gradient. The e

y is
oil
periment refocuses the resulting first spatial Fourier component
in the oil, and the oil echo magnitude is recorded as a function
of the wavelength,λ, of the applied modulation.
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FIG. 2. Experimental NMR pulse sequence. The NMR pulse sequence
to extract structural information in the emulsion experiment. The firstπ/2-
pulse selectively tips the water magnetization into the transverse plane. Th
gradients of opposite polarity write a grating in the water spin magnetiza
The crusher gradient in the center of the sequence removes all transverse
magnetization, leaving onlyz-directed modulated water magnetization. The h
π -pulses refocus field inhomogeneities, largely caused by susceptibility fi
The final gradient pulse−2g selects the first spatial Fourier component of the
magnetization induced by the presence of the water’s dipolar field. The gra
strength,g, is varied to map out the data in Fig. 1.

The water mean field as seen by the oil spins imparts a p
grating to the transverse oil magnetization. This oil magnet
tion grating consists of harmonics of the original water grati
from which the first Fourier component is selected by a grad
echo. Figure 1 displays the natural logarithm of the intensit
the fundamental Fourier component of the oil grating as a fu
tion of the wavelength of the applied modulation. The sig
shows a strong crossover in scaling atq · ξ ≈ 1.

In the long wavelength region, the signal is described by

Normalized Signal= J1

[
2ηM0,waterγµ0t j1(q · ξ)

(q · ξ)

]
, [3]

whereJ1 is the first-order Bessel function of the first kind.
long wavelengths, the signal approaches a constant value t
independent of the system’s length scale.η is the volume frac-
tion of water that contributes to the grating. This is reduced fr
the water volume fraction by the diffusive attenuation of wa
in the susceptibility field of the bubble. Here, the actual volu
fraction of water (0.76) is reduced toη = 0.49 at a time of
80 ms.

In the short wavelength limit, the signal decreases dram
cally,

Normalized Signal≈ γµ0M0,watert
, [4]
8|q| · ξ
since the signal is restricted to spins near the surface, an
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Surface Area× λ
Volume

∝ 1

q · ξ .

In summary, we have described a simple change in sca
laws appropriate for NMR scattering involving dipolar field
The characteristic length scale can thus be extracted in a sim
and robust manner. Based on universality of this change in s
ing, it is now possible to employ NMR scattering via dipol
fields to measure the characteristic length scales of heter
neous samples.
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